We calculate the O(α s ) corrections to the double differential decay width dΓ 77 /(ds 1 ds 2 ) for the processB → X s γγ originating from diagrams involving the electromagnetic dipole operator O 7 . The kinematical variables s 1 and s 2 are defined as
Introduction
Inclusive rare B-meson decays are known to be a unique source of indirect information about physics at scales of several hundred GeV. In the Standard Model (SM) all these processes proceed through loop diagrams and thus are relatively suppressed. In the extensions of the SM the contributions stemming from the diagrams with "new" particles in the loops can be comparable or even larger than the contribution from the SM. Thus getting experimental information on rare decays puts strong constraints on the extensions of the SM or can even lead to a disagreement with the SM predictions, providing evidence for some "new physics".
To make a rigorous comparison between experiment and theory, precise SM calculations for the (differential) decay rates are mandatory. While the branching ratios forB → X s γ [1] andB → X s ℓ + ℓ − are known today even to next-to-next-to-leading logarithmic (NNLL) precision (for reviews, see [2, 3] ), other branching ratios, like the one forB → X s γγ discussed in this paper, are systematically only known to leading logarithmic (LL) precision in the SM [4] [5] [6] [7] . In [8] the NLL result for the contribution associated with the photonic dipole operator O 7 was worked out forB → X s γγ in a certain approximation (details see below). In contrast toB → X s γ, the current-current operator O 2 has a non-vanishing matrix element for b → sγγ at order α 0 s precision, leading to an interesting interference pattern with the contributions associated with the electromagnetic dipole operator O 7 already at LL precision. As a consequence, potential new physics should be clearly visible not only in the total branching ratio, but also in the differential distributions.
As the processB → X s γγ is expected to be measured at the planned Super B-factories, it is necessary to calculate the differential distributions to NLL precision in the SM, in order to fully exploit its potential concerning new physics. The starting point of our calculation is the effective Hamiltonian, obtained by integrating out the heavy particles in the SM, leading to
where we use the operator basis introduced in [9] :
(1.
2)
The symbols T a (a = 1, 8) denote the SU(3) color generators; g s and e, the strong and electromagnetic coupling constants. In eq. (1.2),m b (µ) is the running b-quark mass in the MS-scheme at the renormalization scale µ. As we are not interested in CP-violation effects in the present paper, we made use of the approximation V ub V to order g 2 s and g s , respectively, are not known yet. To calculate the (O i , O j )-interference contributions for the differential distributions at order α s is in many respects of similar complexity as the calculation of the photon energy spectrum inB → X s γ at order α 2 s needed for the NNLL computation. There, the individual interference contributions, which all involve extensive calculations, were published in separate papers, sometimes even by two independent groups (see e.g. [10] and [11] ). It therefore cannot be expected that the NLL results for the differential distributions related toB → X s γγ are given in a single paper.
As a first step towards a NLL prediction forB → X s γγ, we calculated in 2011 the O(α s ) corrections to the (O 7 , O 7 )-interference contribution to the double differential decay width dΓ/(ds 1 ds 2 ) at the partonic level, using an approximation where only the leading power w.r.t. the (normalized) hadronic mass were retained in the underlying triple differential decay width dΓ 77 /(ds 1 ds 2 ds 3 ) [8] . The variables s 1 and s 2 are defined as
, where p b and q i denote the four-momenta of the b-quark and the two photons, respectively and s 3 denotes the normalized hadronic mass of the final state, i.e. As we will discuss in section 2, we work out the QCD corrections to the double differential decay width in the kinematical range 0 < s 1 < 1 ; 0 < s 2 < 1 − s 1 .
Concerning the virtual corrections, all singularities (after ultra-violet renormalization) are due to soft gluon exchange and/or collinear gluon exchange involving the s-quark. Concerning the bremsstrahlung corrections (restricted to the same range of s 1 and s 2 ), there are also singularities due to soft-and/or collinear gluons, but there are additional kinematical situations where one of the photons is emitted collinear to the s-quark. While the singularities induced by gluons cancel when combining virtual-and bremsstrahlung corrections, those associated with collinear photons remain, as discussed in detail in section 4. In ref. [8] we found, however, that there are no singularities associated with collinear photon emission in the double differential decay width when only retaining the leading power w.r.t. to the (normalized) hadronic mass
in the underlying triple differential distribution dΓ 77 /(ds 1 ds 2 ds 3 ). The results in ref. [8] were obtained within this "approximation".
The main goal of the present paper is to go beyond this approximation. When doing so, the singularities induced by collinear photon emission from the strange quark remain in the final perturbative result and additional concepts like parton fragmentation functions of a quark into a photon are needed [12] . In our recent work [13] on the tree-level contributions of the operators O u 1,2 to the branching ratio for the processB → X d γ, we found that the results involving fragmentation functions are similar to those obtained by providing the quark q which radiates an (almost) collinear photon with an appropriately chosen constituent mass m q . The approach using constituent masses was also used in ref. [14] , where the analogous contributions toB → X s γ were investigated.
As the approach with a constituent mass is technically easier and, more importantly, because the fragmentation functions are not known accurately as discussed in [13] , we interpret m s , which we originally introduce as a regulator of collinear singularities, as a constituent mass in the present paper and retain all terms of the type log n (m s ), while neglecting power terms in m s , as well as terms of the form m n s log m (m s ), which tend to zero in the limit m s → 0. As the virtual-and bremsstrahlung corrections in [8] were calculated for a massless strange quark (which means dimensional regularization of collinear singularities), we have to redo both parts in the present work.
Before moving to the detailed organization of our paper, we should mention that the inclusive double radiative processB → X s γγ has also been explored in several extensions of the SM [5, 7, 15] . Also the corresponding exclusive modes, B s → γγ and B → Kγγ, have been examined before, both in the SM [6, [16] [17] [18] [19] [20] [21] [22] [23] [24] and in its extensions [15, 20, 21, [25] [26] [27] [28] [29] [30] [31] [32] [33] . We should add that the long-distance resonant effects were also discussed in the literature (see e.g. [6] and the references therein). Finally, the effects of photon emission from the spectator quark in the B-meson were discussed in [16, 20, 34] .
The remainder of this paper is organized as follows. In section 2 we work out the double differential distribution dΓ 77 /(ds 1 ds 2 ) in leading order, i.e., without taking into account QCD corrections to the matrix element sγγ|O 7 |b . In this section we also give the order α 0 s results when including the effects of the operators O 1 and O 2 . Section 3 is devoted to the calculation of the virtual corrections of order α s to the double differential decay width in a scheme where the collinear singularities are regulated using a nonzero strange quark mass m s . In section 4 the corresponding gluon bremsstrahlung corrections to the double differential width are worked out. In section 5 virtual-and bremsstrahlung corrections are combined and the result for the double differential decay width is given. As our analytic results (in particular those for the bremsstrahlung corrections) are rather lengthy, we prefer to give certain parts of our results in the form of fits which involve simple "basis functions". In section 6 we illustrate the numerical impact of the NLL corrections. A comparison with the results in [8] , where only the leading power w.r.t. the (normalized) hadronic mass s 3 was retained at the level of the triple differential decay width dΓ 77 /(ds 1 ds 2 ds 3 ), is also done in this section. The main text of our paper ends with a short summary in section 7. The appendices A, B and C contain intermediate results and technical ingredients.
Leading order result
In this section we discuss the double differential decay width dΓ 77 /(ds 1 ds 2 ) at lowest order in QCD, i.e. α 0 s . The dimensionless variables s 1 and s 2 are defined everywhere in this paper as
At lowest order the double differential decay width is based on the diagrams shown in Fig. 1 . The variables s 1 and s 2 form a complete set of kinematically independent variables for the three-body decay b → sγγ. Their kinematical range is as follows:
The energies E 1 and E 2 in the rest-frame of the b-quark of the two photons are related to s 1 and s 2 in a simple way: 
Using these cuts, m s can be safely put to zero at leading order. It is also easy to implement a lower cut on the invariant mass squared s of the two photons by observing that s = (
To parametrize all the mentioned conditions in terms of one parameter c (with c > 0), one can proceed as suggested in [5] :
Applying such cuts, the relevant phase-space region in the (s 1 , s 2 )-plane is shown by the shaded area in Fig. 2 . Our aim in this paper is to work out the double differential decay width in this restricted area of the s 1 and the s 2 variable also when discussing the gluon bremsstrahlung corrections 1 . To exhibit the singularity structure of the virtual corrections 000000000000 000000000000 000000000000 000000000000 000000000000 000000000000 000000000000 000000000000 000000000000 000000000000 000000000000 discussed in the next section in a transparent way, it is useful to give the leading-order spectrum in d = 4 − 2ǫ dimensions. We obtain
In r we retained terms of order ǫ 1 , while discarding terms of higher order. The individual pieces r 0 , . . . , r 4 read 
In eq. (2.3) the symbolsm b (µ) and m b denote the mass of the b-quark in the MS-scheme and in the on-shell scheme, respectively and C 7,ef f (µ) is the effective Wilson coefficient of the operator O 7 at the low scale (µ ∼ m b ), which has an expansion in α s as follows:
This Wilson coefficient is known for a long time (see ref. [9] and references therein). Note that in this section only the lowest order part C 0 7,ef f of C 7,ef f is needed in eq. (2.3), while in the following sections the C 1 7,ef f piece has to be retained. In d = 4 dimensions, the leading-order spectrum (in our restricted phase-space) is obtained by simply putting ǫ to zero, obtaining
For completeness, we also list the order α 
Virtual corrections
We now turn to the calculation of the virtual QCD corrections, i.e. to the contributions of order α s with three particles in the final state. The diagrams defining the (unrenormalized) virtual corrections at the amplitude level are shown in Fig. 4 . As the diagrams with a self-energy insertion on the external b-and s-quark legs are taken into account in the renormalization process, these diagrams are not shown in Fig. 4 . In order to get the (unrenormalized) virtual corrections dΓ bare 77 /(ds 1 ds 2 ) of order α s to the decay width, we have to work out the interference of the diagrams in Fig. 4 with the leading order diagrams in Fig. 1 .
From the technical point of view, the calculation was made possible by the use of the Laporta Algorithm [36] (see also [37, 38] ) to identify the needed Master Integrals and by applying the differential equation method to solve them. As we used these techniques also in [8] , we refer to section 7 of that paper which contains the technical details and the corresponding references. In appendix B we present, however, a technical issue which is specific for the present work, viz. a useful parametrization of the three-particle phase-space where one particle is massive.
In addition, we have to work out the counterterm contributions to the decay width. 
where dΓ The counterterms defining part (B) are due to the insertion of −iδm bb b in the internal b-quark line in the leading order diagrams as indicated in Fig. 5 , where
More precisely, Part (B) consists of the interference of the diagrams in Fig. 5 with the leading order diagrams in Fig. 1 
3)
The infrared-and collinear singularities are completely contained in dΓ /(ds 1 ds 2 ). Explicitly, we obtain (using
where dΓ /(ds 1 ds 2 ) we see that the singularity structure consists of a simple singular factor multiplying the corresponding tree-level decay width in d-dimensions. We stress that the singularities (represented by 1/ǫ poles, log(x 4 ) terms and combinations thereof) are entirely due to soft and/or collinear gluon exchange. The infrared and collinear finite piece dΓ 
where the individual quantitiesv 1 , . . . ,v 15 are relegated to Appendix A.
Bremsstrahlung corrections
We now turn to the calculation of the bremsstrahlung QCD corrections, i.e. to the contributions of order α s with four particles in the final state. Before going into details, we mention that the kinematical range of the variables s 1 and s 2 defined in eq. (2.1) is given in this case by 2 0 ≤ s 1 ≤ 1 ; 0 ≤ s 2 ≤ 1. Nevertheless, we consider in this paper only the range which is 2 Strictly speaking, this range holds for m s = 0 and is modified by powerlike terms of m s , which we neglect in this paper. also accessible to the three-body decay b → sγγ, i.e., 0 ≤ s 1 ≤ 1 ; 0 ≤ s 2 ≤ 1 − s 1 or, more precisely, by its restricted version specified in eq. (2.2).
The diagrams defining the bremsstrahlung corrections at the amplitude level are shown in Fig. 6 Figure 6: The diagrams defining the gluon-bremsstrahlung corrections to b → sγγ are shown at the amplitude level. The crosses in the graphs stand for the possible emission places of the gluon.
be written as a sum of interferences of the different diagrams in Fig. 6 . The four particle final state is described by five independent kinematical variables (see section B.2).
As already mentioned in section 3, the only source of the singularities in the virtual corrections in our restricted range of s 1 and s 2 is due to soft gluon-emission and/or collinear emission of gluons from the s-quark. When analyzing the bremsstrahlung kinematics, one finds that there are situations where one of the photons can become collinear with the s-quark even within the mentioned restricted kinematical range of s 1 and s 2 . While the singularities related to gluons cancel when combining virtual-and bremsstrahlung corrections, those stemming from collinear photon emission from the s-quark will remain and manifest themselves as a term involving a single logarithm log(m s ) in the final result.
In our previous paper [8] we realized that for (formally) zero hadronic mass of the (s, g)-system collinear photon emission is kinematically impossible. As a consequence, we looked at the triple differential decay width dΓ 77 /(ds 1 ds 2 ds 3 ), where
is the normalized hadronic mass squared and found that the double differential decay width, based on the triple differential decay width in which only the leading power terms w.r.t. s 3 are retained, leads to a nonsingular result when combined with the virtual corrections, which we denoted by dΓ leading power 77 /(ds 1 ds 2 ) in ref. [8] .
In the present paper, working with a nonzero mass of the strange quark, we go beyond leading power, keeping all terms which are independent of m s and those which involve logarithms of m s .
In the present paper we worked out in a first step the triple differential spectrum dΓ (1) ,brems 77 /(ds 1 ds 2 ds 3 ), for which we got a fully analytic result, which is however rather lengthy. To get the double differential spectrum dΓ . In some terms this integration was done numerically. The final results (after combining with the virtual corrections) are given in a form where certain parts have been fitted to a set of 42 "basis function", as the reader will see in the following section.
As the details of the calculations are similar to those in [8] , we refer to section 7 of that paper, where the used techniques are described in some detail. In Appendix B we give, however, a useful formula for the parametrization of the 4-particle phase-space for the case where one of the particles is massive.
Final result for the decay width at order α s
The complete order α s correction to the double differential decay width dΓ 77 /(ds 1 ds 2 ) is obtained by adding the renormalized virtual corrections from section 3 and the bremsstrahlung corrections discussed in section 4. We obtain (using
where r 0 is given in eq. (2.5). The first two terms in the square bracket correspond to the leading power result, calculated in the scheme where m s is different from zero, according to the present paper. These two terms are exactly the same as in our previous paper [8] where the leading power terms where calculated in the scheme with m s = 0. This coincidence, which has to hold of course, provides a nontrivial check of our calculation. The remaining two terms g and h encode all the non-leading power terms which are calculated for the first time in the present paper.
We now turn to the individual terms f , g and h. As just explained, f is the same as in ref. [8] 
where the "basis functions" u i are given in eq. (5.12) and where the coefficients c h i (see Table  3 ) are obtained from a fit to the exact function h. For simpler use of our results and to make the present paper self-contained, we also provide a fitted version for the function f according to
The coefficients c f i are also shown in Table 3 . We stress here that the fitted versions of h and f approximate the exact functions very accurately in the whole phase-space, even when choosing the parameter c as small as 1/100 (see eq. (2.2)).
The basis functions u i (which, like the exact functions h and f , are all symmetric in s 1 and s 2 ) are chosen as The order α s correction dΓ (1) 77 /(ds 1 ds 2 ) in Eq. (5.1) to the double differential decay width for b → X s γγ is the main result of our paper.
Numerical illustrations
In the previous sections we calculated the virtual-and bremsstrahlung QCD corrections associated with the operator O 7 . While in the previous paper [8] only the leading power terms in s 3 (s 3 is the normalized hadronic mass squared) were taken into account in the underlying triple differential decay width dΓ 77 /(ds 1 ds 2 ds 3 ), we performed a complete calculation in the present paper. As there are configurations where one of the photons can become collinear with the strange quark, we introduced a finite mass m s which we consider to be of constituent type. While the result based on leading power terms is finite in the limit m s → 0, the full result depends on m s through a single logarithm of the form log(x 4 ) = log(m 
where the first-and second term of the r.h.s. are given in eqs. (2.9) and (5.1), respectively.
To illustrate our results, we first rewrite the MS massm b (µ) in eq. (6.1) in terms of the pole mass m b , using the one-loop relation
We then insert C 7,ef f (µ) in the expanded form (2.8) and expand the resulting expression for dΓ 77 /(ds 1 ds 2 ) w.r.t. α s , discarding terms of order α 2 s . This procedure defines the full NLL result and also the version where only the leading power terms are retained in dΓ (1) 77 /(ds 1 ds 2 ). The corresponding LL result is obtained by discarding the order α Table 1 and Table 2 , respectively.
In Fig. 7 the LL result, the NLL result based on the leading power contribution and the full NLL result are shown by the dotted, the dashed and the solid lines, respectively. Among the three solid lines, the highest, middle and lowest curve correspond to m s = 400 MeV, m s = 500 MeV and m s = 600 MeV, respectively.
From Fig. 7 , where s 2 is fixed at s 2 = 0.2, we see that for s 1 ≤ 0.4 the NLL result is dominated by the leading power result obtained in our previous paper [8] , while this is no longer true for larger values of s 1 . In these plots s 1 = 0.8 corresponds to the maximal value of the leading order kinematics. In other words the point (s 1 = 0.8, s 2 = 0.2) lies on the "diagonal line" characterized by 1 − s 1 − s 2 = 0 in Fig. 2 . That is why the dotted curves becomes zero at s 1 = 0.8. This also holds for the virtual corrections which have the same kinematical range. The full kinematical range in the (s 1 , s 2 )-plane for the bremsstrahlung process is, however, larger than the window considered in this paper. For this reason the solid lines do not go to zero at s 1 = 0.8. However, the leading power terms of the bremsstrahlung corrections have similar features as the virtual corrections and go to zero for s 1 = 0.8 (as seen from the dashed curves). A more detailed investigation shows that the leading power contributions only give a good approximation of the NLL result when one is sufficiently away from the line 1 − s 1 − s 2 = 0 in the (s 1 , s 2 )-plane.
The comparison of the full NLL corrections with the corresponding leading power pieces is basically of "historic" interest; it is more important to compare the LL curves (dotted) with the full NLL ones (solid). Form Fig. 7 one concludes that the NLL corrections to the O 7 are crucial. We stress that the QCD corrections involving the operators O 1 and O 2 , which we did not consider in our paper, also will be important. Therefore, the issue concerning the reduction of the µ dependence at NLL precision cannot be addressed in a meaningful way at this level.
To get the branching ratio forB → X s γγ as a function of the cut-off parameter c defined in eq. (2.2), we integrate the double differential spectrum over the corresponding range in s 1 and s 2 , divide by the semileptonic decay width and multiply with the measured semileptonic branching ratio. For the purpose of this paper it is sufficient to take the lowest order formula for the semileptonic decay width, reading
with the phase space factor Using the input parameters in Tables 1 and 2 , we get the branching ratios shown in Table  4 for the values c = 1/100 (upper half) and c = 1/50 (lower half) at µ = m b /2, µ = m b and µ = 2m b . In the columns "O 7 " only the operator O 7 is taken into account, while the number in the columns "all" also takes into account the lowest order contributions involving the operators O 1 and O 2 (according to eq. (2.10)). 
Summary
In the present work we calculated the O(α s ) corrections to the decay processB → X s γγ originating from diagrams involving the electromagnetic dipole operator O 7 . This calculation involves contributions with three particles in the final state and a gluon in the loop (virtual corrections) and tree-level contributions with four particles in the final state (gluon bremsstrahlung corrections).
We introduced a nonzero mass m s for the strange quark to regulate configurations where the gluon or one of the photons become collinear with the strange quark and retained terms which are logarithmic in m s , while discarding terms which go to zero in the limit m s → 0. When combining virtual-and bremsstrahlung corrections, the infrared and collinear singularities induced by soft and/or collinear gluons drop out. By our cuts the photons do not become soft, but one of them can become collinear with the strange quark. This implies that in the final result a single logarithms of m s survives. We interpret m s appearing in the result as a constituent mass and vary it between 400 MeV and 600 MeV in the numerics.
We find that the NLL corrections to the double differential spectrum dΓ 77 /(ds 1 ds 2 ) are large in general. Depending on the point in the (s 1 , s 2 )-plane, they can modify the LL predictions by up to 50% in both directions, which means that not only the normalization, but also the shapes of the distributions are modified, as can be seen e.g. in Figure 7 .
We also compared our new results with those obtained in an earlier paper [8] , where only the leading power terms w.r.t. s 3 in the underlying triple differential spectrum dΓ 77 /(ds 1 ds 2 ds 3 ) were retained. 
B Relevant phase-space formulas
The fully differential decay width dΓ for a generic process p → p 1 + p 2 + ... + p n can be written as
where |M| 2 is the squared matrix element, summed and averaged over spins and colors of the particles in the final and initial state, respectively, and m is the mass of the decaying particle.
In ref. [39] useful parametrizations for the phase-space factors DΦ(1 → n) have been given for n = 3, 4, for the case when all final-state particles are massive. Among the finalstate particles only the strange quark is massive in our application, which means that the general formulas simplify. In the following subsections we see that the 3-particle phase-space can be parametrized in terms of two parameters λ 1 and λ 2 , which run independently in the range [0, 1], while five such parameters (λ 1 , ..., λ 5 ) are involved in the 4-particle phase-space. Of course, all scalar products involved in |M| 2 can be expressed in terms of these parameters.
B.1 Phase-space parametrization for the 3-particle final state
In our application we identify p 1 with the strange quark and p 2 , p 3 with the two photons and define x 1 = m From the observation that s 1 = s 13 and s 2 = s 12 one easily gets the expression for the double differential spectrum dΓ/(ds 1 ds 2 ).
B.2 Phase-space parametrization for the 4-particle final state
In our application we identify p 1 , p 2 with the two photons, p 3 with the gluon and p 4 with the strange quark and define x 4 = m
